for the simulated path shown in panel a.
Theoretical description of steering along helical paths
This SI text presents a theoretical analysis of our mathematical model of sperm chemotaxis along helical paths. We first summarize symbols and equations used. Second, we characterize the input-output transfer function of the signaling module for three prototypical stimulus functions s(t). We then review the kinematics of swimming along perfect helical paths, as well as steering along bent helices by oscillating path curvature and path torsion. We specifically address on and off steering responses. We discuss the role of phase lags -both due to signaling latency as well as due to the dynamics of swimming -between stimulus and motor response. 
List of symbols used:

List of equations:
Helix bending:
(dot denotes time-derivative) Flagellar wave form dynamics:
e e e e (2)
Signalling dynamics:
Characterisation of the adapation module
We discuss the input-output characteristic of the adaptation module in equations (5.1) and (5.2) for three prototypical stimuli s(t).
Constant stimulus
For a constant stimulus of the form s(t) = s 0 , the output a(t) is always constant, a(t) = 1. 
Oscillatory stimulus
denotes the so-called complex susceptibility of the signaling system. Note that the phase-lag  a between s(t) and a(t) is independent of the base-level 0 s . The oscillation amplitude  a s 1 scales as s 1 /s 0 , and thus, the output variable a(t) displays adaptation because it responds to relative changes of the input stimulus.
Of note, the trigger variable q(t) (see equation 7) oscillates only weakly in this case with an amplitude that is attenuated by a factor |1+i| -1 as compared to a(t).
Exponential stimulus
We consider a stimulus baseline s(t) = s 0 exp( t) that changes in time at a rate thatcan be either positive (increasing stimulus) or negative (decreasing stimulus). In this case the output is detuned from its rest-value:
The amount of detuning is set by a competition between the time-scale of adaptation () and the time-scale on which the stimulus changes (| -1 ). Thus, the condition q > on the trigger variable q(t) is equivalent to the rate  to exceed a threshold:
The stimuli sampled by swimming cells can be approximated as a superposition of fast oscillations and a slowly changing baseline, and thus represent a superposition of these idealized cases.
A theory of steering along helical paths
The Frenet frame; curvature and torsion
The bending and twisting of a swimming path r(t) is characterized by its signed curvature  p (t) and torsion  p (t). These quantities describe the dynamics of an orthonormal coordinate system that moves along r(t), consisting of the tangent vector / v  tr , the normal vector  n t t , and the binormal vector  b t n . This so-called Frenet frame rotates along the path according to the Frenet-Serret formulas:
Note that the signed curvature is only defined up to a global choice of sign. 
Sampling a concentration gradient along helical paths
We now consider the idealized case of a cell moving along a perfect helical path r(t) inside a 
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Chemotaxis by phase-locked oscillations of path curvature and torsion
The time-dependent concentration stimulus sampled by a sperm cell along its path serves as input for a signaling system that controls the shape of the flagellar beat, and thus changes curvature κ p (t) and torsion  p (t) of the swimming path. Generally, an oscillatory concentration stimulus as in equation (S6) will elicit phase-locked oscillations of path curvature and torsion.
We consider an idealized case of perfect curvature and torsion oscillations with the frequency 0  of helical swimming
and analogously, p 
 
).
The"off response"
Whether the helical path is directed up the concentration gradient (
h is reflected by a slow increase or decrease of the stimulus baseline, respectively. From Equations (S6) and (7), we find for the trigger variable q(t)
Thus, an off response is triggered in our simulations whenever the relative gradient strength in the direction of the helix axis falls below the critical value:
For the parameters used, we have 
Phase-lags in simulations
In our simulations, path curvature κ p (t) and torsion  
Location of stimulus receptor
The minimal theory presented above assumed for simplicity that stimulus concentration s(t) is measured at the position r(t) of the sperm head, see equation (4) . However, chemoattractant molecules bind to surface receptors distributed along the flagellar length Supplementary Fig. 4 ).
